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Abstract—In extended object tracking, random matrices are
commonly used to filter the mean and covariance matrix from
measurement data. However, the relation from mean and covari-
ance matrix to the extension parameters can become challenging
when a lidar sensor is used. To address this, we propose virtual
measurement models to estimate those parameters iteratively
by adapting them, until the statistical moments of the mea-
surements they would cause, match the random matrix result.
While previous work has focused on 2D shapes, this paper
extends the methodology to encompass 3D shapes such as cones,
ellipsoids and rectangular cuboids. Additionally, we introduce a
classification method based on Chamfer distances for identifying
the best-fitting shape when the object’s shape is unknown. OQur
approach is evaluated through simulation studies and with real
lidar data from maritime scenarios. The results indicate that a
cone is the best representation for sailing boats, while ellipsoids
are optimal for motorboats.

Index Terms—Extended object tracking, random matrices,
lidar, extension estimation, virtual measurement model, ellipsoid,
cone, cuboid, Chamfer distance

I. INTRODUCTION

The goal of extended object tracking (EOT) is to determine
the kinematic state and the extent parameters of an object from
measurement data. In some applications, the shape is known
or assumed to be, for example, elliptical [1]-[11], rectangular
[9], [12]-[14] or star-convex [11], [15]. In 3D-EOT, commonly
used shapes include ellipsoids [1]-[4], cones [16], cylinders
[17] or rectangular cuboids [18].

In addition to state and extension estimation, classification
plays a significant role in tracking applications. Joint EOT
and classification problems may involve various classes such
as cars [19], pedestrians [19], animals [20] and ships [21] or
focus on specific shapes [22][23] if the shape is unknown. One
of the most commonly used methods for EOT is the random
matrix (RM) approach [2]. Although the original paper [1]
was published in 2008, approaches based on random matrix
are still state of the art today [24], [25] for several reasons: It
is robust against measurement noise, easy to implement and
computational efficient. Nevertheless, a fundamental assump-
tion of this method, i.e., the normal or uniform distribution
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of measurements over the object’s extent, is challenged when
employing lidar measurement models based on ray tracing [5].
In such models, measurements are asymmetrically distributed
along the object’s contour, affecting the applicability of RMs.
To combine the robustness of RM with the precision of
ray tracing, an adaptation with virtual measurement models
(VMMs) [5]-[7], [23] has been proposed. This adaptation
involves varying a given estimate, generating artificial mea-
surements using the VMM and comparing their statistical
moments to the RM result until they match [5]. In scenarios
where the shape is unknown, multiple VMMSs corresponding
to various shapes can be used and the comparison of shape-
specific artificial measurements with real measurements can
be utilized for shape classification [23].

While VMMs have primarily been employed in 2D scenarios,
this work extends their applicability to 3D shapes, enhances
classification using Chamfer distances [26]-[28], and provides
comprehensive results, including analyses of real lidar data
from maritime scenarios.

II. BACKGROUND
A. Random matrices

The random matrix (RM) approach [2] is a recursive algo-
rithm used to estimate the normal distributed kinematic state
density and the inverse Wishart distributed extension density of
an object. Random matrices are applicable to both 2D and 3D
object tracking. Detailed prediction and update equations can
be found in [2]. In general, random matrices can be used to
filter the center of gravity (CoG) and the covariance matrix
of measurements, independently of the object’s shape and
measurement model [5]. But without adaptation, the relation
to position and extension parameters remains unclear when the
measurements are not normally or uniformly distributed.

B. Virtual measurement model (VMM) framework
The EOT framework with VMMs [5] that is also used
within this paper, is shown in Fig. 1. The input u, =
T .
(z,y,2,l,w,h) includes all state elements and parameters
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Fig. 1: EOT framework with RM and an adaptation algorithm using the VMM. Figure from [5, p. 231][23, p. 2].

for adjustment, such as 3D position (z,y, z), length I, width
w, and height h [5, p. 232]. Velocities and orientation angles
are assumed to be adequately estimated using the Kalman
filter with RM [2] and hence, do not require additional
compensation. First, the Kalman filter with random matri-
ces from [2] is applied to the measurements Zj, with-
out incorporating the lidar measurement model. The result
Y, = (zm,zy,zz, Vel vew, \/a) contains the filtered CoG
(22, 2y, 2-) and the square roots of the eigenvalues (e;, ., €p,)
of the filtered covariance matrix. Each eigenvalue corresponds
to an extension parameter identified by its indices. Prior work
in 2D-EOT [5]-[7], [23] assumed that e; represents the largest
eigenvalue and e,, represents the smallest. This restriction will
be lifted by introducing an eigenvector-based assignment.
The adaptation process utilizing the VMM begins by gen-
erating virtual measurements Z~k ; for the current estimate
Uy, ;- Subsequently, their mean m,(CZ) and covariance E](c %)I 5 are
computed The mean and elgenvalues of the covariance matrlx
are stored in the vector §, . = (Za, 2y 225 Ve VEw, f)
mirroring the structure of . The VMM’s output gk,i is
then compared to the RM result Y,» and the resulting error
€k,i 1s used to update the estlmate according to [23, p. 2]:
Qk,z-‘rl - uk,z + ng,z'

In each time step k, the adaptation loop is executed several
times (index ¢) to minimize €. Then, the outputs y, and
gkﬂ_ match, and, assuming full observability, the inpufs must
also match and @, ; is considered as the position and extent
estimation. Additional background, including VMM input
initialization and VMM input prediction, is provided in [5].

C. Chamfer distances

The Chamfer distance [26] is a metric used to calculate the
distance between two point clouds by measuring the shortest
distance from each point in one shape to the nearest point in
the other shape. The Chamfer distance between two 3D point
clouds S; and S is given by [27, p. 4] [28, p. 41

‘mzmmmwmzmmww
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whereas |S;| is the number of elements in .S;.

III. 3D MEASUREMENT MODELS

The first contributions of this paper is a ray tracing method
for 3D-shapes, including ellipsoids, cones and rectangular
cuboids. It is used to generate artificial lidar measurements
that are required for the VMM adaptation. For the following
calculations, we distinguish between a local coordinate system
ENU (xEast, yNorth, zZUp) and a body fixed coordinate system
BODY. BODY can also be denoted as target coordinate system
[5, p- 231]. A detailed explanation about coordinate systems
and their transformations is given by Fossen in [29].

A. Ellipsoid
The surface of a triaxial ellipsoid is defined by:

z2 P 22 1

22 T
with length [, width w and height A for the special case,
that the ellipsoid is unrotated and positioned at the origin.

In spherical coordinates, its surface can be described using

)

x = %sin(tg)cos(tl)7 3)
Y1 = %sin(tg)sin(tg), 4
2 = gcos(tg), (5)

with azimuth angle ¢; and inclination 5. In general, however,
the ellipsoid is located at (zg, yo, 20) and rotated by pitch 6,
yaw % and roll ¢ (see Fig. 2a). This transformation from ENU
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Fig. 2: 3D Ellipsoid



to BODY coordinates is expressed by [29, p. 24, adjusted for

zUpl:
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Since the ellipsoidal equation in (2) is less complex than in

ENU (6), the following intersection calculation for ray tracing

is performed in BODY coordinates. Note that in [5, p. 231],

the same procedures were used for 2D ellipses. Fig. 2b shows

the generation of measurement sources from an ellipsoid with

a lidar sensor using ray tracing. The first step to calculate

the intersections is to transform the position of the sensor
(xs,9Ys, 2s) into BODY coordinates using:

/

Ty T
v, | =R,'R;'R)M [ we |- (7)
2l 25

Then, a single lidar beam into azimuth direction 6 and incli-
nation ¢ can be described using:

x =z, + rcos(¢) cos(f), (8)

y =y, + rcos(¢) sin(f), )

z =zl + rsin(¢). (10)
Inserting (8)-(10) into the ellipsoid’s equation (2) leads to

( (x!, + 7 cos(¢) COS(@))2> n <(y’S + 7 cos(o) Sin(t‘)))2 >
12 w?

(2, + rsin(¢))? 1
() o

(11)
which can be rearranged to
cos(¢)? cos(0)?  cos(¢)?sin(f)?  sin(¢)?) ,
( 2 + w2 + 52 r
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and solved for r since it has a quadratic form. If there is no real
solution r € R, there is no intersection of this lidar beam with
the ellipsoid. If there are two solutions, the one with the lower
value for r is considered as measurement source. Inserting r
into (8)-(10) gives the Cartesian BODY coordinates of the
measurement source. Finally, the coordinates are transformed
back into ENU coordinates using:

T o T
y | =1 v |+R,ReRy | y (13)
z 20 z

This intersection calculation is performed for each lidar beam.

B. Elliptical cone

An elliptical cone’s Cartesian representation is given by:

1,2 y2 22
AT “4)

The peak of the cone is placed at the origin, and the lateral
surface is not limited. However, for our purposes, we restrict
our consideration to the cone’s portion with z € [—h,0], as
illustrated in the blue-highlighted area in Fig. 3a.
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Fig. 3: Elliptical cone

The cone can also be expressed parametrically as [16], [30]:

w-1/2 - cos(s)
u-w/2-sin(s) |,
—u-h

c(u,s) = (15)

with w € [0,1] and s € [0, 27]. This parametric form ensures
the cone’s peak is located at the origin, similar to its Cartesian
representation (14). Ray tracing for the elliptical cone follows
a methodology similar to that for the ellipsoid. Intersections
of lidar beams with the cone’s surface are determined by
substituting (8)-(10) into the cone equation (14). This yields
an equation similar to (12),

(cos(d))2 cos(0)?  cos(¢)?sin(6)? B sin(d))2> 2

(5)° (%)’ ”
N <2x’s cos(l¢>)2(;os(0) N 2y’ cos ¢)2sin(0) 2z Zl;l(d))) "
() (%)
S S S
+ - + —= 79 — Y
3 (5" P

(16)
which is then solved for r. Subsequently, the corresponding
Cartesian coordinates are calculated using (8)-(10) and only
solutions with z € [—h,0] are considered as valid measure-
ment sources, as the cone surface is originally unbounded in
z. These valid measurement sources must be transformed into
ENU coordinates using (13). Fig. 3b illustrates an example



of ray tracing for a 3D elliptical cone. While contour mea-
surements from the elliptical base area could potentially be
generated, they have not been incorporated into this work,
as they are not visible in the examined scenarios due to
observation angle limitations.

C. Rectangular cuboid

The cuboid has a total of six faces, each capable of
intersecting with lidar beams to generate measurement sources.
These intersection points are also determined in BODY co-
ordinates. Initially, the sensor’s position is transformed into
this coordinate system using (7). In the BODY coordinate
system, the cuboid’s six plane equations are defined as follows:
=+ y=+% and = £. To find the intersections with
a lidar beam, we substitute (9) into the plane equations and
solve for the radius r, leading to:

+i—al 5 -y,
1,2 , T34 = 7 ~ <
" cos(¢) cos(8) cos(¢) sin(6)
(17) (18)
B +4— 2
75,6 = (19)

sin(6)

The Cartesian coordinates are then obtained using (8)-(10).
However, due to the mathematical unboundedness of the
planes, only solutions satisfying — <z <L —% <y <%,
and —% <z< % are considered as intersections of the lidar
beams with the cuboid’s contour. Among these solutions, only
those with the lower radius r; are considered as measure-
ment sources, as lidar measurements only occur on the face
directly facing the sensor. Finally, measurement sources are

transformed into ENU coordinates using (13).

1V. 3D-EXTENDED OBJECT TRACKING WITH VIRTUAL
MEASUREMENT MODEL ADAPTATION

The framework for 3D-EOT and shape classification, shown

in Fig. 4, builds upon our prior research [23, p. 5], which
focused on tracking and classifying 2D objects. The central
concept involves adapting a VMM (see Fig. 1) for each
shape to obtain the results Uy, <shape> and Zk’<shapc>. The
place-holder < shape > is then replaced with ell, con or
cub. For example, the vector @, ., contains the center of
gravity and the extension parameters that would cause a set
of virtual measurement Zk,ell with the ellipsoidal VMM, that
has identical mean and covariance as the real measurements,
filtered with random matrices. The same applies to 4y, ., and
Uy, cyp Tor the cone and cuboid, respectively.
In the subsequent stage of shape classification, real and virtual
measurements are compared for each shape hypothesis to
determine the best-fitting shape. This paper introduces four
significant enhancements compared to our previous work:

o Expansion to 3D (see Sec. III)

« Eigenvector matching

o Improved cost function

« Shape classification using Chamfer distances
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Fig. 4: Extended object tracking and shape -classification
with three virtual measurement models. For each VMM, an
adaptation loop as shown as in Fig. 1 is executed. Fig. adapted
from [23, p. 5].
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A. Eigenvector matching

In previous work on VMMs [5]-[7], [23], it was assumed
that the larger eigenvalue corresponds to the length of the
object and the smaller eigenvalue corresponds to the width.
However, in scenarios where the difference between these
values is small, there’s a risk that the tracking algorithm
may misinterpret [ and w. This challenge becomes more
pronounced in 3D extended object tracking (EOT) with the
introduction of height as a third parameter. An alternative
approach that remains independent of extension parameters
is eigenvector-based matching, outlined in Algorithm 1.

Algorithm 1 Eigenvector-based matching

1. Calculate eigenvalues and eigenvectors of X ,E:‘Zk)

2. Identify the eigenvector with the highest z-component
and assign the corresponding eigenvalue to height.

3. Calculate yaw angles from the remaining eigenvalues.
4. Calculate yaw angles from kinematics.

5. Assign the eigenvalue where the yaw angle of the
eigenvector is closest to the kinematic yaw angle to length.
6. Assign the remaining eigenvalue to width.

It’s important to note that this approach works effectively for
small roll and pitch angles. However, for large roll and pitch
angles, the eigenvalue with the highest z-component in its
eigenvector may not necessarily correspond to height.

B. Improved cost function

In scenarios where the sensor’s observation angle does not
ensure full observability of all extension parameters, there’s a
risk of undesired increases in the extension estimation, even



if the error € is minimized during adaptation. To address
this issue and maintain low extension parameters, we propose
replacing the error term e with a modified cost function:
c=c¢€+ (l~ + W+ iL) /Me, where 7, represents a normalizing
constant. By minimizing this cost function during adaptation,
we aim to obtain the smallest extension parameters that remain
aligned with the measurements.

C. Shape classification using Chamfer distances

Previously, shape classification within the VMM framework

relied on comparing histograms of real measurements Zj with
those of artificial measurements for each shape hypothesis
[23]. However, this method did not consistently achieve high
classification quality, especially in scenarios with moderate to
high measurement noise [23].
To enhance classification accuracy, we introduce the use of
the Chamfer distance as a metric to evaluate the similarity
between the two sets of measurements. The Chamfer distance
between sets A and B, denoted as d¢ (4, B), is computed
using (1). The classification scores for each shape hypothesis
are then determined as follows:

NMi,etl = dc (Zk',ella Zk) , (20)
Nk,con = dc (Zk,conv Zk) , 21
Mhcus = Ao (Zieuns Zic ) - 22)

The shape with the lowest score is considered as the estimated
shape. To improve accuracy further, real measurements from
multiple time steps are accumulated using a sliding window
approach with a window length L. These accumulated mea-
surements are then transformed into the BODY coordinate
system of the VMM’s state estimation and compared with the
virtual measurements generated by the corresponding VMM.

V. RESULTS

To evaluate the 3D-EOT approach, we use both simulation
studies and real lidar data.

A. Simulation studies with an ellipsoidal target

1) Tracking: For the simulation studies, a constant accel-
eration (CA) model with z = (2, y, 2, Vs, Uy, Uz, G, Gy, aZ)T,
affected by white Gaussian process noise with o, = 0yy =
0w, = 0.5 m/s*, was used to generate a reference trajectory.
The sampling period was T' = 0.1 s and the total number
of timesteps was k., = 280. Fig. 5 shows the trajectory.
Measurements were generated by ray tracing as proposed in
Sec. III. The sensor, located at the origin, had vertical and
horizontal resolutions of 1°. Measurements were affected by
white Gaussian noise with 0, = 0y =0, = 0.5 m.

The tracking results for the ellipsoid are shown in Fig. 5. The
linear Kalman filter with random matrix extension estimation
is represented in black. The 1-o-ellipse of the filtered covari-
ance matrix is barely visible as it lies within the reference
ellipsoid. The estimated CoG-Trajectory shows a clear bias
toward the sensor compared to the object’s center. However,
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Fig. 5: Tracking results for the ellipsoid. Extension estimation
and measurement shown every 60 time steps.

the RM approach was not made for measurement models using
ray tracing but is required for the following VMM adaptation.
The VMM adaptation is achieved with 2 iterations per time
step. The assignment of eigenvalues to extension parameters
is performed using the eigenvector assignment as proposed in
Alg. 1, however, the improved cost function (see Sec. IV-B)
was not necessary for this scenario and therefore not used.
The results after VMM adaptation, shown in Fig. 5, precisely
match the reference trajectory without any significant bias.

To ensure robustness and reliability, we performed a Monte
Carlo simulation with 100 runs, wherein process noise and
measurement noise were sampled independently in each run.
The mean and standard deviation of the extension estimation
from all runs are presented in Fig. 6 over time and in Table I.
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Fig. 6: MC results for the ellipsoid.

TABLE I: Mean and std. deviation from 100 MC runs.

Reference Ellipsoid Cone Cuboid
length [m] 11 11.1+14 | 129+£2.6 | 7.3+0.9
width [m] 7 71+14 62+23 | 42+1.8
height [m] 4 42404 4.7+09 | 3.3+£0.3

The height estimation yielded the best results, benefitting from
an optimal observation angle from the sensor to the object.
Toward the end of the scenario, the length estimation faced
challenges as the object could only be observed from behind.
When the object is close to the sensor but only seen from the
side, the width estimation becomes challenging.

2) Classification: In scenarios where the ellipsoidal shape
is initially unknown and must be determined, the cone VMM



and the cuboid VMM are also employed simultaneously. Their
results are presented in Table I and are notably inferior as they
assume the wrong shape. However, the artificial measurements
of each VMM Z,, can be compared to the real measurements
Zj, using Chamfer distances to identify the correct shape.
Figure 7 shows the Chamfer distances for a window-length
of L =5, averaged over 100 Monte Carlo runs. On average,
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Fig. 7: Chamfer distances for three VMMs. MC results.

the Chamfer distance of the virtual measurements of the
ellipsoid to the real measurements is the smallest, indicating
correct classification. The 1 — o ranges demonstrate highly
reliable correct classification overall, but overlap toward the
end, suggesting occasional misclassifications in some Monte
Carlo runs. However, these misclassifications were rare: the
ellipsoid was correctly classified in 97.9% of all time steps,
while the cuboid had the lowest Chamfer distance in 1.9% of
cases, and the cone in only 0.2%.

B. Simulation studies with a cone and cuboid

The same scenario is simulated, but with different reference
shapes. Fig. 8 shows the results for the cone and cuboid at time
step k = 60. Overall, similar tracking results were obtained for
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Fig. 8: Tracking results at k = 60.

the cone as for the ellipsoid. However, for the cuboid, tracking
results were significantly degraded in some time steps. There
was notable underestimation of the extension, particularly
when only one surface was visible, leading to observability
issues (see, e.g., Figure 8b). The classification results for all
shapes are summarized in Table II, determined through 100
Monte Carlo (MC) runs per shape. While the ellipsoid and
cone could be reliably classified correctly, the cuboid was often
mistakenly classified as an ellipsoid.

TABLE II: Classification results from 100 MC runs per shape.

classified as

Reference Cuboid
Ellipsoid
Cone

Cuboid

C. Real-world scenario with a sailing boat

To evaluate the EOT approach in a real-world setting, we
used a recording from the Lake of Constance (see Fig. 9),
captured by a Velodyne Alpha Prime (VLP-128) lidar. The
lidar was mounted on a catamaran traveling at approximately
32 km/h from Friedrichshafen to Constance. To compensate
the ego motion, we used a differential GPS for position and
yaw, along with an IMU for roll and pitch measurements. The
camera image in Fig. 9 provides an overview of the real-world
scenario. Fig. 10 shows the lidar measurements, the random
matrix result and the extension estimation after the VMM
adaptation for a single sailing boat. Our algorithm selected
an elliptical cone as the best-fitting shape.

Fig. 9: Camera image of the real-world scenario.
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Fig. 10: Extension estimation of a sailing boat using a VMM
with elliptical cone.

At the beginning of the scenario, the distance of the sailing
boat is ~ 240 m, therefore the number of measurements is low.
As the catamaran approaches the sailing boat, the number of
measurements steadily increases. By the end of the scenario,
the distance is approximately 70 meters.

Fig. 11a shows the estimated extension parameters over k.
The length and height estimates appear plausible and stay
almost constant throughout the scenario. However, the width
estimation presents challenges attributed to several factors:
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Fig. 11: Tracking results from the sailing boat.

Firstly, due to the direction of the wind, the sail is positioned
on the backside of the boat. With ray tracing, measurements
are assumed to originate from the front, resulting in a modeling
mismatch. Secondly, although the boat tilts slightly, neglecting
roll and pitch results in an always upright estimated cone.
Thirdly, since the object is consistently observed from the side,
estimating width is inherently more complex than estimating
length and height.

The classification results given, by chamfer distances, are
shown in Fig. 11b. Apart from a few time steps at the
beginning, when the Kalman filter has not yet converged, and
at the end, the cone consistently achieves the lowest chamfer
distance. This outcome is intuitive, as a cone visually seems
to be the best fit for a sailing boat (see Fig. 11).

D. Real-world scenario with a motor boat

In the second real-world scenario, lidar data from a mo-
torboat, the ”Solgenia,” are used. For the ”Solgenia”, both a
CAD model and reference extension parameters are available.
Fig. 13 shows the measurements, the tracking results after
VMM adaptation, and the CAD model (manually fitted to
measurements). Length and width of the ”Solgenia” can be
estimated precisely with an error of only 10 cm. This precision
results from the fact that the base, resp. 2D-top view, of the
”Solgenia” is almost a perfect ellipse. However, the height
is somewhat overestimated, particularly towards the bottom,
where the estimated ellipsoid is significantly further from the
CAD model. Regarding the height parameter, the elliptical
assumption is not entirely met, posing a challenge to accurate
estimation. Since the shape is not known in advance, our
approach aims to classify the shape as well. In our classi-
fication process, we accumulate measurements in a window
of L = 5. As an example, Fig. 12 shows the real and artificial
measurements for the time steps £ = 10 up to &k = 15. It
is already clearly visible that the point clouds Fig. 12a are
the most similar. Table III shows the mean Chamfer distances
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Fig. 12: Real vs. artificial measurements for classification.

and the empirical probabilities that the corresponding shape
has the lowest Chamfer distance. In 91.4% of all time steps,
the ellipsoid was the best fitting shape since it had the lowest
Chamfer distance.

TABLE III: Classification results for the motor boat

Ellipsoid | Cone | Cuboid
0.50 0.67 0.59
91.4 4.8 3.8

Mean d¢
classified as ... [%]

VI. CONCLUSION

In this paper, we have extended the VMM concept to
3D tracking and derived the necessary measurement models.
These are ray tracing methods that provide analytical solu-
tions for the intersection points of the lidar beams with the
surface of the object. Our study highlights the effectiveness
of improved classification techniques, particularly the use of
Chamfer distances, which yielded remarkable results in both
simulation and real-world lidar data scenarios. Notably, our
algorithm demonstrated the classification of a sailing boat as
a cone and a motorboat as an ellipsoid. Knowing the right
shape model leads to precise extension estimation, particularly
in length and height, for the ellipsoidal motorboat also in
width. Challenges in width estimation for the sailing boat and
in some simulation studies, primarily attributed to observation
angles, were identified and underscored the ongoing need for
future work and improvements. Looking ahead, optimizing
computational efficiency remains a priority for future research.
Particularly, addressing inefficiencies in cone and cuboid ray
tracing methods, where the initially unrestricted surfaces re-
sult in numerous rejected intersections, will be essential for
enhancing real-time tracking performance.
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